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Abstract 
We consider an imbedded family of cubature formulae for n-dimensional fully symmetric product regions. The 
formula of degree 2m + 1 is based on m + 1 generators. The n-dimensional cube and the n-dimensional space with a 
Gaussian weight function are studied in detail. 
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1. Motivation 
In 1983 an article appeared on “An imbedded family of fully symmetric numerical integra- 
tion rules” for integrals over the n-dimensional cube [2]. In that article the authors mention 
that “the techniques used.. . will work in theory for the construction of imbedded families of 
fully symmetric rules for any product region. The practical details will differ, and whether or 
not useful and efficient members of such families exist still remains to be investigated”. In [2] 
only the points are constructed. 
Due to a recent request at our address for sequences of imbedded rules for a specific region, 
which is important in statistics [1,4], we investigated the type of sequences (points and weights) 
presented in [2] in detail. We used symbolic computation to obtain closed formulae for the 
(parameter-dependent) points and weights. This enabled us to investigate the existence of 
formulae with all points inside the region and positive weights in detail. Doing so we can even 
correct some minor mistakes in [2]. 
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2. Introduction 
Consider the integral 
I[f] :=~~a/_“a...j_aaw(xl)w(x*)... w(~,)f(+ xz,...,x,) dx, d+..dX,, (1) 
with a E E and w(xi) > 0 for xi E ( -a, a). A cubature formula (or integration rule) is a 
weighted sum of function values used to approximate an integral. We will construct a family R 
of fully symmetric cubature formulae for the integral I[f] of (1). We use R(“,“) to denote a 
member of R of degree 2m + 1 so that 
R’“T”‘[f] =Z[f], 
for all polynomials of degree at most 2m + 1 in it variables. 
In order to define R(“+), we first introduce some notation. We use the same notations as in 
[2], where also examples are given. 
Let P(m,n) denote a set of all distinct n-partitions p of the integers 0, 1,. . . , m. We will use 
partitions with nonincreasing components, so that 
P’ m,n)= {(PI, P2, . . ..PJIrn>P.>P,> *** >P,>O, IPI m}, 
where I p I = Cy, lpL. We will use the abbreviated notation p = (ii], is,. . . , i$> when p has k 
distinct nonzero components, j, of them equal to ii, j, of them equal to i,, and so on. 
Given some distinct nonnegative generators A, = 0, A,, A,, . . . , A,, we let A, = 
(API’ AP2>. *  , hp,) and let f[h,] denote a fully symmetric basic rule sum defined by 
f[Ap] = c Cf(s4,,7 ~2~qZ’...Jn4&)* 
(I=np s 
The outer sum is taken over the set nP of all distinct permutations of p and the inner sum is 
taken over all of the sign combinations that arise with si = f 1 for those values of i where 
A,! # 0. We will use a similar abbreviated notation for A, as for p. Finally, let S = (6, 6,. . . ,231 
= (i3n>. We define 
R’“,“‘[ f] = PEPF_1 ,Q(m,n)f[ API + lV(m,n)f[ 81. (2) 
m ,” 
In (2) the generators hi are independent of m. This means that Rcrnjn) uses all function values 
used by R(“-‘+). Because of this R is called an imbedded family. 
3. Theory 
This section is very similar to the corresponding section in [2]. There the theory is presented 
for an n-cube. We present it for n-dimensional product regions. 
A fully symmetric cubature formula R(“,“) has degree 2m + 1 if and only if 
R(“9 x27 = I[ X2k], v’k E p@~~). (3) 
The reasoning behind the following theorem from [2] applies also for the integral I[f] of (1). 
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Theorem 1. For any finite WC”,“‘, S and distinct nonnegative generators A,, A,, . . . , h,_l, there 
exists a unique set of weights {Wbrnrn) ( p E PC”- l+)}, which makes R(“,“’ a cubature formula of 
degree 2m - 1. 
We now discuss the problem of determining IV’“,“’ and the generators Ai which will increase 
the degree of R OV) to 2m + 1. For the rest of this section we keep 6 fixed, but nonzero. Let 
w(x)xj dx, Vj E lV. 
First, consider W’“,“‘. When n 2 m and p = (l”), a necessary condition for R’“,“’ to have 
degree 2m + 1 is that 
R’“q +] = I[ +I. 
Because all of the points A, used in R’“,“’ have A, = 0 for at least one of the first m 
components and so do not contribute to the sum when p = Cl”), we obtain 
2”W (m,n+32m = P;Png-m_ 
When n < m, p = (1”) G P(m,n), so the cubature formula must not be exact for x2P. In this case 
m+) 
:;. 
becomes an extra free parameter, but we will, as in [2], always use WC”+) as given by 
Now define the polynomials 
n Pt-l 
Q,(x) = n n (xi” -A;), 
i=l j=O 
(5) 
where the inner product is given the value 1 when pi = 0. The result of the application of R(“,“’ 
to Q,(X) is given by the following lemma, which is a generalization of [2, Lemma 2.21. 
Lemma 2. If p E P(m,n)\P(m-lTn), then 
R(m,n)[ qb,] = P2Kmi=l j=. fjql_fJ. (6) 
Proof. If A, is used by R(“*“‘, then I k I <m and A, has at least one of its components, say A,,, 
with ki <pi so @Jhk) = 0. Therefore the only contribution to R cm+)[ f ] is from the basic rule 
f [S]. Thus, 
R’“s”‘[ $(x)] = 2”W’“,“‘n n (8” -A;), 
i=i j=O 
and with (4) we obtain (6). 0 
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For R(“‘,“) to be of degree 2m + 1, we must have that 
R(m,n)[ $(x)1 = I[ Qp], (7) 
for all p E p@v) \P(“- l+). I[@,] is easily determined by expanding (5) and integrating to give 
I 
n 
1 I n[ pi-1 P,-- 1 cpp = r=l 1 $L+-2 c A;+ *** +xf n (-A;) j=l j=l 1 
= I? 
i=l 
i 
P,- 1 p,- 1 
P*p, - /-$-* c h’i + * * * +P2 I-I (-h:) . 
j=l j=l I 
Combining (7) and (8) with Lemma 2, we see that (7) is true if we have 
or 
(8) 
Thus, 
i 
9-l q-1 
-A’4 P2q - p2q-2 c A; + . * * +p2 n (-A;) . 
j=l j=l I 
A’4 = 
P24+2 - ,u2#=;A; + * * * +pJ-I;z;( -A;) - /.~+;+~n;I;(l -A;/“*) 
(9) 
11.29 -~2~_2Cq=:A~ + . . . +cL*nj=1 @(-A:) - p,+~+‘/‘i3’~;+ - A;/6*) ’ 
Therefore, the generators A,, A,, . . . , A, _ 1 (possibly imaginary), with positive square root 
chosen, can be recursively determined. We now have the following lemma. 
Lemma 3. If A,, A,, . . . , A,_, satisfy (9) and W(m,n) is given by (41, then R’“+‘[@,l =I[apl for 
all p E p(vO\p(~-L~)* 
This is [2, Lemma 2.41. ([2, Lemma 2.3 seems to have disappeared.) 
The main result now follows directly. 
Theorem 4. Zf W’“~“’ is given by (4), 6, A, ( = 01, A 1, A,, . . . , A, _ 1 are distinct nonnegative 
generators satisfying (9) and the weights (Wp(m,n) I p E P (m-1+)} are the unique solution to the 
system (3) with k E PC”- l,n), then R(m,n) is a cubature formula of degree 2m + 1. 
This is [2, Theorem 2.51. The proof remains unchanged. 
This completes the theoretical discussion of the family R of imbedded cubature formulae 
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determined by the free parameter 6. The cubature formulae exist and have real points 
whenever a chosen 6 gives distinct and real values for A,, A,, . . . , A,_,. 
4. Applications 
We wrote a REDUCE [3] procedure to evaluate the recurrence relation (9) (see the 
Appendix). This can easily be transformed into, e.g., a FORTRAN procedure. GENER( a2, m) 
calculates h2,, . . . , A;. The A: ‘s are rational expressions in a2: the numerator and denominator 
of At are polynomials of degree 2’ in 6. REDUCE works with algebraic expressions. So, we do 
not have to choose a value for 6. The rational expressions for the At can be used to search for 
those values of 6 for which all generators are real and inside the region. 
4.1. The n-dimensional cube 
We will now consider the integral 
I[ f] := = ;f /’ . . . j_J(q, x2,. . ., x,) dx, dx,. . .dx,. 
1 1 
Then, 
O, 
I- 
if j is odd, 
pi= 1 
l+j’ 
if j is even. 
It is this integral that is considered in [2]. GENER(a2, 4) produces 
4s2 
A; = 5(362 _ 1) 7 
8(31S2 - 15)62 
A2, = 35(562 - 3)(3S2 - 1) ’ 
A2 = 4(11399S6-23235S4+1400582-2625)62 ’ 3 35(175a4 46a2 75)(5a2 3)(3S  1) - + - - 
A; = [ 16(3 489 658 617 al4 - 16021254735612 + 31628083065610 
- 34 475 640 295 a8 + 22 160 423 475 s6 8 344867 125 S4 - 
+ 1700566 875 a2 - 144 703 125)S2] 
x [385(91875 a8 - 260496 S6 + 271230 a4 - 118600 a2 + 18375) 
x (175a4 - 246a2 + 75)(5a2 - 3)(3a2 - l)] -l. 
After looking for the zeros of numerator(A;), denominator(A:) and denominator(A;) -
numerator(A;), we can conclude that 
l 0 <S, A, < 1, iff s2E [A, 11; 
l 0 < 6, A,, A, G 1, iff a2E [&, g) U [aI, 11, 
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with (Ye the largest zero of 277~~ - 3702 + 105: 
185 + 2ZEE 
(Yi = 
277 ’ 
0 0<6, A,, A,, h,Gl, iff S*E [a,, ++), 
with a2 the largest real zero of 46 279 z4 - 121960 z3 + 122 270 z* - 52080 z + 7875: 
a2 = 0.467663; 
0 0 ~6, A,, A,, A,, A,< 1, iff a*E [a3, a5) U [aqr g), 
with Q~ a zero of the numerator of A: and a3 and a4 zeros of 
37 016 634 003 z8 - 224 107 006 740 z7 + 564 033 315 360 z6 - 783 537 540 020 z5 
+ 663 574 470 830 z 4 - 351790 695 900 z 3 + 113 964 963 000 z2 - 20 607 457 500 z 
+ 1591734 375: 
a3 = 0.468 019, cy4 2: 0.478 264, (Y~ 2: 0.475 412; 
(the interval [a3, g ] for 6* given in [2], is thus too large!); 
0 0 < 6, A,, A,, A,, A,, A, G 1, iff a2 E [ag, a7) U [as, a5), 
with (Y~ a zero of the numerator of A% and cyg and CX~ zeros of 
18 037 799 865 730 087 170 867 z l6 - 195 160 560 282 811086 503 220 z l5 
+ 1003 929 489 597 210 651307 980 z l4 - 3 236 971545 156 956 064 872 820 z l3 
+ 7 282 470 800 003 701413 292 440 z ‘* - 12 073 810 814 758 504 221645 060 z l1 
+ 15 216 359 768 027 045 002 578 700 z lo - 14 840 751978 309 719 546 128 900 z9 
+ 11305 406 273 931486 432 287 750 z8 - 6 742 910 379 231525 685 497 500 z’ 
+ 3 136 307 323 812 331071322500 z6 - 1125 152 700 329 912 859 937 500 z5 
+ 305 104 284 357 023 434 500 000 z4 - 60 438 828 782 345 127 187 500 z3 
+ 8 246 749 809 307 964 062 500 z* - 692413 036 552 617 187 500 z 
+ 26 948 485 773 193 359 375 :
a6 = 0.469 581, a7 = 0.472 145, (us = 0475 127; 
(the interval [(Ye, cy7] for a2 given in [2], is thus too small!); 
a there does not exist a 6 such that 0 < 6, A,, A,, A,, A,, A,, A, < 1. 
In Table 1, expressions for the weights of the cubature formulae up to degree 7 are given as 
functions of 6. We see that all weights of the formula of degree 3 (m = 1) are nonnegative if 
and only if 6* 2 +. For the formula of degree 5 (m = 2) the weight of the origin gives an upper 
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Table 1 
Weights of imbedded cubature formulae of degree < 7 for the n-cube 
2 (0) 
-(15S2n-12S2-5n-4)(3S2-1) 
36S4 
(1) 
5(362 - 1)2 
72S2 
(0) 
- 27(2n( WC’l;x3’ + W,$“‘- Wcyif’ +2n’Wc~i~‘-l S6 + 1 .> ’ > 
27S6 
(1) 
-5(3S2-1)(135S4n-68S4-90S2n-120S2+15n+60) 
2592S6 
(2) 
245(5S2 -3)3(3S2 - 1) 
5184(31S2 - 15)S6 
(1, 1) 
25(3S2 - 1)3 
1728S6 
bound that depends on the dimension. All points are real and inside the region and all weights 
are nonnegative if and only if 
$<6*< 
5n +4 
3(5n - 4) * 
For higher degrees it becomes much more difficult to investigate when all weights are positive. 
We computed all weights for m G 5 as rational functions of the parameter 6, but most of these 
expressions are not simple and compact. 
Negative weights cannot be avoided in the family R of cubature formulae. The sign of the 
weight WC!;‘“’ depends on 
13S4n - 68a4 - 90a*n 
From this it follows that for 
- 1206* + 1501~ +60. 
II 2 5 this weight is negative. 
4.2. The n-dimensional space 
We will now consider the integral 
1 
cfl := --&= jrn ** --m -cc --cc . Irn exp( -x: -x; - . . . -x~)~(x,, x2...x,) dx, dX*...dX,. 
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Then, 
I 
0, if j is odd, 
Pj= 
$(f(j+ l>), if j is even. 
GENER( 6 2, 4) produces 
A; = 
2a2 4(462 - 3)62 
2a2- 1’ A22 = (262 - 1)(2a2 - 3) ’ 
2(8a6 - 324a4 + 414a2 - 135)a2 
*’ = (4a4 - 24a2 + 15)(262 - 1)(2a2 - 3) ’ 
A; = [8(204& 8i4 - 27456612+66240610-15604868+25747266 
- 220 140 a4 + 90 180 a2 - 14 175)a2] 
x [(16 68 - 144 S6 + 912 a4 - 1020 a2 + 315)(4 a4 - 24 a2 + 15)(2 a2 - 1)(2 a2 - 3)] -I. 
After looking for the zeros of numerator(A7) and denominator(A;), we can conclude that 
a 0<6, A,, iff a2 E ($, m), 
l 0 < 6, A,, A,, iff a2E (+, f) U (+, w), 
0 0 < 6, A,, A,, A,, iff a2 E (+, c~i) U (+, a2) U (q, m), 
with (pi and (y2 the zeros of 4z2 - 242 + 15, and cr3 the largest real zero of 8z3 - 324~~ + 414~ 
- 135: 
(pi = 0.708 712, a2 2: 5.291288, a3 = 39.190514; 
0 0 < 6, A,, A,, A,, A,, iff a2 E (+, a4) U (q, q) U (+, a2) U (a3, wo>, 
with cr4 and cyg zeros of the numerator of At: 
a4 = 0.602 780, ayg = 0.696 170; 
l 0 < 6, Ai, A,, h3, A4, A,, iff a2 E (+, ag) u (q, q) u ((y8y q) u (5, (y2) u cQ3, q), 
with c+, (Ye and (Ye zeros of the denominator and (Yg a zero of the numerator of At: 
(Ye = 0.596899, a7 = 0.696578, as = 0.701 130, CY~ =66.512 937. 
We will now look for values of 6 such that all weights are positive. For some of the weights, 
there exist a simple expressions. For instance, 
In Table 2, expressions for the weights of cubature formulae up to degree 9 are given as 
functions of 6. We see that all weights of the formula of degree 3 (m = 1) are nonnegative if 
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Table 2 
Weights of imbedded cubature formulae of degree < 9 for the n-space 
259 
1 (0) 
2 (0) 
(1) 
3 (0) 
(1) 
(2) 
(1, 1) 
4 (2) 
(1, 1) 
(3) 
(2, 1) 
262-l 
262 
- (262 -1)(2&I -462 - n -2) 
8S4 
(262 -l)* 
16S4 
(166%* - 7266n+12866-2864n2+48S4n-3264+16S2n2+3062n-1662-3n2-18n-24)(262-1) 
64(46*-3)S6 
(12S4n -32S4 - 126*n +3n + 12)(26* - 1) 
_ 
192S6 
(262 - 1)(2S2 -3)3 
384(4a2 -3)6’j 
(262 - 1)3 
128a6 
(48S’n - 1606’ + 192S6 n -480a6 -408S4n +96S4 +240S2n +6OOS* -4% -270)(26* -3)3 
- 
4608(4S4+2062-15)(462-3)68 
(12S4n -40S4 - 126*n +3n + 18)(26* -l)* 
_ 
15366’ 
(4a4 - 24S2 + 15)4(262 - 3)3 
4608(866-32464+41462-135)(464+2062-15)(22G2-15)68 
(282 - 1)*(26* -3)3 
3072(46* -3)s’ 
(1, 1, 1) 
(262-1)4 
10246’ 
and only if 6* > 4. For the formula of degree 5 Cm = 2) the weight of the origin gives an upper 
bound for the value of S that depends on the dimension. All points are real and all weights are 
nonnegative if and only if 
For higher degrees it becomes much more difficult to investigate when all weights are positive. 
We computed all weights for m G 5 as rational functions of the parameter 6, but most of these 
expressions are not simple and compact. 
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Negative weights cannot be avoided in the family R of cubature formulae. The sign of the 
weight WC{;‘3) depends on 
12a4n - 32a4 - 126* + 3n + 12. 
From this follows that for 6 > i and IZ 2 8 this weight is negative. 
It is no problem to find a 6 such that the sequence has real points up to degree 41 and 
higher. If the degree becomes higher, some of the points can be further and further away from 
the origin. The corresponding weights are very small and the system of linear equations to 
compute the weights can be very ill-conditioned. Sequences up to degree 17 can be constructed 
without real problems. 
5. Conclusion 
The method used in [2] to construct a sequence of imbedded cubature formulae for the 
n-dimensional cube can be generalized to other product regions. A recurrence relation that 
determines the generators is obtained. 
Long sequences of imbedded cubature formulae may be useful in applications where 
automatic adaptive integrators are too expensive or are useless for some other reason. A rule 
evaluation routine for product integrals (1) based on the family R is under development. 
